This paper addresses the problem of the location and identification of vibration excitations from the measurement of the displacement field of a vibrating structure.
Introduction
The identification of sources acting on structures from operating measurements is a problem that has been widely addressed in the literature, since the pioneer works published in the early eighties [1, 2] . The most important part of this literature concerns the quantification of a priori localized forces, using the structure's itself as a multi-dimensional force sensor [3] . This approach is also the basis of Transfer Path Analysis [4, 5] .
The Force Analysis Technique (FAT) is an alternative experimental method which localizes and quantifies vibration sources from the knowledge of the displacement field of a structure and from a local analytical description of the structure's behavior. This method is also known by its acronym RIFF coming from the French language: Résolution Inverse Filtrée Fenêtrée, which means Windowed and Filtered Inverse Resolution. The principle of the FAT is based on the verification of the equation of motion, which describes the equilibrium of internal and external forces applied locally to a little part of the structure.
In practice, it consists in injecting measured displacements in the discretized equation of motion, where the spatial derivatives are approximated by finite differences. Because derivatives have the particularity to amplify the noise in data, the FAT contains a regularization step, which consists in filtering the informations located in the high wavenumber domain. This filtering is realized by a discrete convolution with a finite response of a low-pass wavenumber filter. During the last decade, the FAT was developed for beams [6] , plates [7] and shells [8] .
The problem of source localization on thin structures is also addressed in the domain of structural intensity [9, 10] . The intensity is assessed using either Finite Differences [10, 11] or the spatial Finite Fourier Transform [11, 12] . The second approach using FFT is generally preferred because of potential errors when using finite difference approximations, and because the measurement noise can be efficiently removed by filtering high wavenumber components.
The spatial FFT has been used also for works dealing with source localization on beams [13] . The drawback of using this kind of wavenumber projection is that the response of the structure has to be measured at a large number of points over a wide spatial aperture, even if one wants to assess the load at only few points of the structure.
The principal strength of the FAT is the constitution of an inverse problem using little information from the studied system. Indeed, the verification of the equation of motion is a local view, so it does not require the knowledge of the boundary conditions or the knowledge of the possible sources located outside the studied area, even if they generate vibrations in the whole structure area. The FAT is also particularly appreciated, because it identifies the force distribution, which allows the method to analyze any kind of excitations (forces, moments, pressures, etc. [7, 14] ). Today, industrial applications of the FAT concerns essentially the structure-borne noise characterization [15] .
Of course, the easiness of the FAT comes from the use of non contact measurement devices, like the scanning laser vibrometer. The recent study coupling it with acoustic holography [16] also gives an interesting approach, since the vibration sources can be identified from acoustic measurements. In spite of these advances, the main restraint of the FAT is certainly the uncertain number of measurement it requires. This number is clear when one considers only the finite difference scheme (generally developed at the first order), because it depends only on the order of the spatial derivatives to approximate. However, the use of the low-pass wavenumber filter requires more points and the number of points depends on the cutoff wavenumber to adjust. Then the idea of the required number of points becomes uncertain, because the optimum cutoff wavenumber depends on the frequency and on the level of uncertainties in data [6, 7] . This paper proposes an improvement of the FAT, where the use of the filtering by a convolution product is completely suppressed. The idea is to take the advantage of the finite difference scheme which constitutes also a low-pass wavenumber filtering. It is then shown that the use of larger spacing between points is possible and the number of measurements can then be considerably reduced. The paper also gives the required corrections that must be added in the derivative assessments. This new development of FAT is described here for beams (1D structure) and for plates (2D structure).
Identification of load distributions on beams

Classic FAT for flexural beams
The equation of motion for flexural beams at the angular frequency ω is
where p(x) is the force distribution in N/m, w(x) is the displacement in m, E is the complex Young's modulus and I is the flexural moment of inertia. The principle of FAT is to directly assess the right hand side member of equation (1), p(x) , from the experimental estimation of the left hand side member. To do this, a finite difference approximation is used to approximate the fourth derivative of the displacement:
where ∆ is the spacing between two consecutive points of the experimental mesh.
The F AT estimation of the force distribution at a point located at x is thus obtained using eq. (2) in eq. (1):
Wavenumber response of FAT for flexural beams
The Fourier transform of equation (1) is
whereŵ(k) andp(k) indicates the Fourier Transforms of w(x) and p(x). The Fourier Transform of equation (2) is:
whereδ 4x ∆ (k) is the Fourier Transform of δ 4x ∆ , defined in eq. 2. The FAT estimation of the force distribution in the wavenumber domain is thus:
It is now possible to express the ratio between the exact and the identified force distributions in the wavenumber domain:
where k N is the flexural wavenumber of the beam:
The term expressed in eq. (7) can be considered as the response of FAT in the wavenumber domain. It can also be seen as the systematic error between identified and exact input forces. Considering n the number of points per natural (flexural) wavelength:
the systematic error can be written with respect to the non-dimensional parameter α = k/k N :
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In figure 1, E 1D (α, n) is plotted for different values of n (for a given experimental case, n is a continuous variable decreasing with the frequency). It is a low pass filter, with a cut-off wavenumber at k = k N and a cut-off slope increasing when n decreases. The filter is also characterized by two singularities at k = k N and k = κ 1D , corresponding to roots of the denominator and numerator of equation (7). These singularities overestimate and underestimate strongly the result in narrow wavenumber bands.
The low-pass effect is in fact a real advantage for FAT: the load distribution is identified at discrete points of the structure, and this effect is a welcomed anti-aliasing filter. The Shannon's sampling criterion is written as follows:
This leads to the following relation between n and α:
The cut-off wavenumber of ideal anti-aliasing filters are also indicated in figure   1 (the Nyquist wavenumber). The value of FAT responses at these wavenumbers is between -20 and -15dB for n varying between 3 and 6.
Correction of FAT for flexural beams
The roots of the numerator of E 1D are solutions of:
or, using X = cos(k r ∆): This polynomial function has only one root lower than the unity:
The solutions of eq. (9) are thus:
Moreover, the existence of these roots is conditioned by
which corresponds to the condition:
This condition can be observed in figure 1 , where E 1D presents a zero only for the values of n above π.
In order to delete singularities effects, it is proposed to introduce a correcting factor to κ 4 1D . This factor, noted µ 4 , is defined by:
Replacing κ 4 1D byκ 4 1D in equation (7), the roots of the modifiedẼ 1D numerator satisfy the relationship:
The value of µ allowing k r to be equal to k N is:
The roots of the modifiedẼ 1D numerator are then:
or, with respect to α r = k r /k N :
The corrected FAT (CFAT) estimation of the force distribution is finally given by:
The wavenumber responseẼ 1D of this CFAT scheme is drawn in figure 2 . The low-pass filter is preserved, and the singularities are efficiently removed. It can be noted that secondary roots ofẼ 1D , given by equation (12) are also visible, at α = 2 for n = 3 and α = 3 for n = 4. The cut-off wavenumber of ideal anti-aliasing filters are also drawn for each value of n. The value of the CFAT responses at these wavenumbers is about −15dB.
High frequency limitation of the CFAT (Corrected FAT)
The values of n less than 3 points by natural wavelength correspond to the high frequency domain. The wavenumber responses of the CFAT in this domain are drawn in figure 3. A classic high frequency limit of FAT is based on the Shannon's sampling criterion for the natural wavelength of the beam (at least 2 points by natural wavelength). This is indeed the extreme limit if we are interested in the response of the beam. But this limitation does not concern the force distribution itself, whose wavenumber distribution is not depending on the structure.
It is interesting in observing figure 3 that decreasing the value of n has two effects: the decrease of the cut-off wavenumber, and the increase of the energy of an out-of-phase secondary lobe in higher frequencies. This second effect induces aliasing which is dramatic because the energy of high wavenumber components (higher than the Nyquist limit, materialized by vertical lines in figure 3 ) is aliased on the identified load distribution. In this work, the limit is adjusted to keep this secondary lobe lower than -10dB, which corresponds to n > 1.85 (plain curve in figure 3 ). It can be noted that this limit is not acceptable when one considers the problem of the identification of the spatial response of the beam, because the Shannon's criterion is not satisfied for the natural wavenumber (n > 2). However, the force distribution can be studied up to a frequency corresponding to n = 1.85, thanks to the anti-aliasing filter provided by the CFAT approach. n being inversely proportional to the square root of the frequency, the high frequency limit can be increased by about 17%, in comparison with the Shannon's criterion for the beam's response. 
Numerical illustrations for flexural beams
Let us consider the analytic model of a simply supported beam. The displacement of the beam at the angular frequency ω excited by a 1N (peak) force at x e is computed by the modal expansion:
and L standing for the beam's length. Numerical values are written in table 1.
The high frequency limit of the simulation is fixed to 1.85 points by natural Table 1 Numerical values of the beam used for the simulations.
wavelength (following the theoretical discussion in section 2.4), which corresponds to approximately 5.5kHz. The modal truncation of the expansion (14) is chosen to keep modes with eigen frequencies up to 10 times the high frequency limit. For each measurement point, a white noise is added to computed velocities in order to satisfy a given signal to noise ratio equals to 30 dB. The total number of simulated measurement points is 19, from 0m to 1m with a sampling step of 0.05m.
Each point of the identified force distribution results from a centered difference scheme. That's why the force cannot be assessed at the two extreme points on both sides of the measurement mesh. The resulting force distribution is consequently assessed from 0.10m to 0.9m (called "identified force interval" in the following).
The results of FAT and CFAT are drawn in figure 4 with respect to the frequency, where force values are deduced from integrations over 2 points surrounding the input force location (at x = 0.6 and 0.65 m). It can be seen that the FAT and CFAT behaves similarly in low frequency (< 400Hz, n > 8), with strongly overestimated loads: this is the frequency range in which FAT needs to be regularized because of the noise amplification (see [6] ). Between 400 and 1500Hz(8 > n > 3.5), results are slightly different, but the result of classic FAT remains acceptable (error lower than 2dB). Above 1500 Hz (n < 3.5), the CFAT error is still very small (less than 0.5dB) while the classic FAT error can reach 5 to 10 dB. It can be noted that the CFAT result is still very good for 2 > n > 1.85 (above the vertical black line), following theoretical expectations given in section 2.4.
The reconstructed force distributions averaged between 500Hz and 5.5kHz are modal decomposition is adopted to simulate measurements (from [17] ):
and k 1 L = 1.875, k 2 L = 4.694, k i L = −π/2 + iπ for i ≥ 3.
The same force (1N) is injected at the same location x = 0.61m, but two other ones (also 1N) are also injected, the first one at x = 0.15m (inside the identified force interval 0.10 to 0.90m), and the second one at x = 1m, i.e. at the beam's free end (outside the identified force interval).
The identified force spectrum integrated over the two points surrounding the force location (x = 0.60m and x = 0.65m) is drawn in figure 6 . The same observations than for the simply supported case can be made : the identified force spectrum using CFAT is satisfying upon 500Hz, while the FAT results is 
Identification of load distributions on plates
Classic FAT for flexural plates
The motion equation of flexural plates at the angular frequency ω is: where D = Eh 3 (12(1 − ν 2 )) −1 is the flexural stiffness per unit length, ρh is the mass per unit area, p(x, y) is the load distribution in N/m 2 and w(x, y) is the displacement in m.
A finite difference approximation with 13 points is used to assess the fourth derivatives of the displacement. (∂ 4 w/∂x 4 ) and (∂ 4 w/∂y 4 ) are approximated as in eq. 2, whereas (∂ 4 w/∂x 2 ∂y 2 ) is computed as follows :
with ψ 00 = 4, ψ −10 = ψ 10 = ψ 0−1 = ψ 01 = −2,
The FAT estimation of the load distribution at the point coordinates (x, y) is
2D wavenumber response of FAT for flexural plates
The 2D Fourier transform of equation (16) is:
The 2D Fourier transform of the finite difference approximation Φ ∆ (x, y) in eq. (18) is:
that can be simplified by:
The FAT estimation of the load distribution in the 2D wavenumber domain is thus:p
The response of FAT is the ratio between real and identified load distributions:
where k N is the natural flexural wavenumber of the plate
Correction of FAT for flexural plates
The response of FAT, defined in eq. (22), has a singularity for k 2
which corresponds to a circle equation in the wavenumber domain. As for the 1D case, it is proposed to modify the finite difference approximation by the introduction of two constants µ and ν, as follows:
The 2D Fourier Transform of eq. (23) gives:
The value of µ is chosen to equalize the roots of the numerator and the denominator of equation (22) (replacing κ 4 2D byκ 4 2D ) for k x = 0 (X = 1 and k y = k N ) or k y = 0 (Y = 1 and k x = k N ). The result is:
which corresponds exactly to the correction for the 1D case.
The value of ν is determined by equalizing roots of the numerator and denominator of equation (22) for k x = k y = k N / √ 2 which leads to:
The CFAT estimation of the load is finally expressed as follows:
The wavenumber responses of the classical and corrected FAT are drawn in by the correction terms. However, a short singularity is still observed outside these points. This singularity is also present for higher values of n, but is smaller and is not visible on the 2D representations, as it is the case for n = 5.
High frequency limitation of the corrected FAT for flexural plates
In order to study the high frequency limit of the method, it is proposed here to see what is the acceptable smallest values of n. For the beam the limit was fixed to n = 1.85 (secondary lobe of the wavenumber response lower than -10 dB). The 2D wavenumber response of the CFAT for plates is drawn in figure 9 for n = 2 and for n = 1.85. The singularity is not efficiently smoothed for low values of n. For the case n = 1.85, this remaining singularity induces sharp and strong amplifications, at wavenumbers upon the Nyquist circle. Thus the limit for the 2D case should be kept for n > 2. 
Numerical illustration for flexural plates
The analytic model for the simply supported flexural rectangular plate is considered here. The displacement of the plate excited by a unitary point force at the coordinates (x e , y e ), for the angular frequency ω, is computed by the modal expansion: Table 2 Numerical values for the plate simulation.
The high frequency limit of the simulation is fixed to ensure a minimum of 2 points by natural wavelength, which corresponds to 8kHz in this simulation.
The modal summation in equation (25) is truncated to keep modes with eigen frequencies up to 10 times the high frequency limit. Some noise is also added to simulate uncertainties in the measurements. This is made by the addition of a white noise to satisfy a signal to noise ratio of 30dB.
Results of FAT and CFAT are drawn in figure 10 with respect to the frequency.
The result is integrated over 4 points surrounding the input force location.
Below 500Hz (n > 8), noise dominates because the spacing is small and the finite difference schemes cannot regularize the problem (no filtering effect).
Between 500Hz and 1300Hz (5 < n < 8), FAT and CFAT give results with errors less than 5dB. Above 1300Hz, CFAT becomes highly accurate, the errors are less than 1dB, whereas FAT results are strongly biased with errors that can reach more than 10dB. 
Conclusion
The main role of the finite difference schemes in FAT is to approximate the displacement derivatives in the equation of motion. Usually, in the classic FAT, the spacing between sensors is chosen to be small in order to have a good assessment of the derivatives and a wavenumber filter is used to eliminate noises intrinsically amplified by the derivatives. In this study, it is shown that the schemes also constitute low-pass wavenumber filters, which may be used for the regularisation of FAT if larger spacings are chosen. To do so, a correction must be made and amplification terms are proposed in this paper. Simulations on beams and plates show that it is possible to use the FAT with only the required number of points for the finite difference schemes, i.e. five or thirteen points for the beam or the plate, respectively.
